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1. INTRODUCTION 
Consider a random set of planar points Sm= {A1, A2, . . . ,  Am}, where Ai = (ai, bi), i = 1 , . . . ,  m, 
and the problem of computing the largest empty circle within the convex hull of the point set. 
This problem has been solved in O(m log m) time [1]. The dual problem for a finite set of random 
lines Tm -- {L1,L2 , . . . , Lm},  where Li : aix + biy + ci = 0, i = 1 , . . . ,m,  is to determine the 
center and radius of the smallest circle that touches every line. The solution center is called 
the "yolk" point, and a polynomial-time algorithm to compute the yolk in fixed dimension has 
been proposed by Tovey [2]. In this note, a generalized yolk point is defined for the set Tm 
using a regular polygonal base form. Constructive geometric techniques are used in the solution 
algorithm. 
2. PROBLEM DEF IN IT ION 
A regular polygon with n sides of equal length and equal interior angles is denoted by P~ -- 
{B1,B2,. . . ,Bn}, where Bi = (x~,yi), i -- 1 , . . . ,n ;  e.g., R3 is an equilateral triangle, R4 is 
a square, R5 is a pentagon, . . . ,  -R360 approximates a circle. Rn is centered at its symmetry 
point I = (xo,Yo) with an orientation defined by the direction u on the unit circle, u E S 1. 
The rays which emanate from I in the direction defined by the vertices of Rn are denoted 
by l~, i = 1 , . . . ,  n. The "radius" of Rn, r, is the distance from I to any vertex point of the 
regular polygon; i.e., r -~ d(I, Bi). The generalized yolk point is defined through the following 
optimization problem: 
min ?'~ 
s.t. Rn ~ (1) 
where the notation Rn "~ Tm signifies that R~ "touches" each of the lines of Tin. For a given 
base set described by Tin, it is clear that the size functional r is a function of the position of Rn 
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Figure 1. The generalized yolk points Y3(T6) ,  Y6(T6) ,  and Y360(T6)  for the linear sys- 
tem T6 = ((11,-3, 53), (4, -9, 43), (-4, -.5, 23.5), (-2, .5, 9.5), (-3, 2, 13), (-6, 10, 
38)}, where Li : aix +biy -t-ci = 0 is denoted by (ai,bi,ci). 
described through I and the orientation described through u E $1: r = r( I ,  u). The solution to 
problem (1) will be labeled the generalized yolk point and denoted Y,~(Tm). 
3. SOLUTION METHODOLOGY 
The solution procedure mployed constructs the size functional r in the following manner. 
The domain of search is defined by the convex hull of the intersection points of the lines in the 
set Tm, ~. 
For a given point Q c ~o which locates the symmetry point I of the regular polygon Rn, and 
for a given orientation u E S 1, 
STEP 1. Intersect ll , 12 , . . . ,  In with the line elements Li E Tm, i ~ 1 , . . . ,  m. Call the intersec- 
tion points C~j, i = 1, . . .  ,m; j = 1, . . .  ,n, compute 
d( I ,  C i j ) ,  i=  l , . . . ,m;  j=  l , . . . ,n ,  
and order these distance values in a vector 
r l , r2 , . . . , rk , . . . )  
such that r l  _< r2 _< - "  _< rk ~ . . . .  
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Figure 1. (cont.) 
STEP 2. If the polygonal form Rn with radius rl "touches" each of the elements of Tin, then 
r(Q, u) = rl. If Rn does not touch all of the lines of Rn, then consider the next value in the 
ordered list, r2, check the touching requirement, and continue until the requirement is satisfied. 
Stop at the minimum value of rk such that the touching requirement (Rn "" Tm) is satisfied: 
r(Q, u) = mikn rk. 
STEP 3. The value of the size functional at Q, r(Q) is determined by varying the orientation 
~ E S 1 of the polygonal form and repeating Steps 1-2 to yield 
r(Q) - min r(Q,u) = min minrk. 
U~S 1 U~S 1 k 
STEP 4. The size functional r is constructed by repeating Steps 1-3 for a grid of points located 
within 12. The optimal solution r* is then determined as 
r* = min r(Q). 
QEf2  ° 
Although this methodology is a naive approach, it is fairly easy to implement, will yield a 
global optimal solution, does not require advanced solution techniques, and works well in prac- 
tice. Computational geometry techniques can be applied with benefit, however, to reduce the 
complexity of the problem and yield a more "elegant" solution approach. Computation times 
with the current approach tend to be on the order of a few seconds. 
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Figure 1. (cont.) 
4. I LLUSTRATIVE  EXAMPLE 
An example is used to illustrate the procedure. The parameters of line Li : aix + biy + c~ = 0 
are denoted by (as, bi, ci). 
EXAMPLE. T6 = {(11, -3 ,  53), (4, -9 ,  43), ( -4 ,  - .5,  23.5), ( -2 ,  .5, 9.5), ( -3 ,  2, 13), ( -6 ,  10, 38)}. 
The size function r is illustrated in Figure 1 for each of the structures R3, R6, and R360. The 
optimal solution point is depicted, as well as the value of the size functional at an arbitrary 
position. The computed yolk points are determined to be Y3(T6) = ( -2 .56, -4 .01) ,  Y~(T6) = 
(2.44, 1), Y360(T6) = (2.44, 1). The solution centers tend to stabil ize and converge to the circular 
case as n increases. 
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